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Zusammenfassung: Schätzfähigkeiten sind alltags-

relevant und werden mit verschiedenen Forschungs-

interessen untersucht. Trotz der Verwendung unter-

schiedlicher Schätzsituationen setzen sich die Stu-

dien kaum mit Fragen der Aufgabeneigenschaften 

auseinander. Dieser Beitrag stellt ein theoretisches 

Modell der Aufgabenkonstruktion vor. Die wichtigs-

ten Merkmale von Aufgaben zur Längenschätzung 

werden durch Analyse der Literatur herausgearbei-

tet. Im Anschluss werden diese Elemente systema-

tisch variiert, kombiniert, re-analysiert und redu-

ziert. Das Ergebnis ist ein Modell mit 228 sinnvollen 

Situationen für die Längenschätzung, das auch als 

analytisches Instrument für den Vergleich von Stu-

dien dienen kann. 

 

Abstract: Abilities in estimation are important for 

everyday life, and investigated with different re-

search interests. Although quite different estimation 

situations were used, studies usually did not address 

the question of task characteristics systematically. 

This paper presents a theoretical model that may 

serve as a basis for the task design in length estima-

tion. First, key features of length estimation tasks 

were extracted by analyzing the literature. Second, 

these elements are varied systematically. Third, they 

are combined, reanalyzed, and reduced. This proce-

dure results in a model of 228 meaningful situations 

for length estimation. The model may also serve as 

an analytical tool for comparison of studies.  

1  Estimation as a Complex Cognitive 
Process and the Question of Validity 

Estimation is seen as a highly important ability for 

everyday life, in mathematics education literature 

(Forrester et al., 1990; O’Daffer, 1979; Sowder, 

1992) as well as in cognitive psychology (Della Sala 

et al., 2003a; Harel et al., 2007; Liss et al., 2000; 

MacPherson et al., 2014). Like problem solving, es-

timation is considered a complex cognitive process. 

Therefore, abilities in estimation, especially the accu-

racy of the estimation results, serve for many differ-

ent research interests using various estimation tasks 

and research designs.  

Cognitive psychologists mainly use paper-pencil es-

timation tests as an indicator of the executive func-

tions in diagnosing different cognitive deficits. They 

also serve for the investigation of the relation 

between estimation abilities and other cognitive func-

tions like semantic knowledge or working memory 

(e.g., Brand et al., 2003; Bullard et al., 2004; D’An-

iello et al., 2015; Della Sala et al., 2003b; MacPher-

son et al., 2014, Shallice, & Evans, 1978).  

Whereas cognitive psychologists treat estimation as 

one construct, three kinds of estimation are differen-

tiated in mathematics education: numerosity estima-

tion, computational estimation and measurement es-

timation (O’Daffer, 1979; Sowder, 1992). With re-

spect to Hogan and Brezinski (2003), abilities in 

computational estimation are separable from the two 

others. By re-analyzing the estimation tests in cogni-

tive psychology with respect to this differentiation, it 

can be seen that computational estimation tasks are 

not included, but all tests used different mixtures of 

tasks for numerosity estimation as well as for meas-

urement estimation.  

When focusing on measurement estimation itself, it 

can be stated that most psychological tests combined 

different measurement areas in one paper-pencil-test. 

All studies contained the estimation of lengths, asso-

ciated with tasks from one or the other measurement 

area: the estimation of weight, time, money or speed 

(e.g., Axelrod, & Millis, 1994; Bullard et al., 2004; 

Della Sala et al., 2003b; Goldstein et al., 1996; Mac-

Pherson et al., 2014; Mendez et al., 1998; Shallice, & 

Evans, 1978). Only few tests contained the estima-

tion of capacity, area (Della Sala et al., 2003b) or 

temperature (Axelrod, & Millis, 1994) and – as far as 

we know – none asked for the estimation of volume. 

This situation leads to the fact that most estimation 

tests used in cognitive psychology do not include an 

equal number of each kind of estimation or measure. 

This might be reasonable, because the researchers 

were interested in the executive functions involved in 

any complex cognitive process. Nevertheless, if be-

ing interested in estimation abilities themselves, 

these tests seem to be too unspecific. From an analyt-

ical point of view, they also seem problematic, be-

cause the dimensionality of measurement estimation 

abilities themselves, especially the abilities to esti-

mate different attributes, is not clear yet (Heinze et 

al., 2018; Hogan, & Brezinski, 2003). 

Concerning measurement estimation in mathematics 

education, the studies were also conducted with dif-

ferent aims and included different tasks. As in cogni-

tive psychological tests, most studies in mathematics 



math.did. 45(2022) 

 2 

education combined different measurement areas in 

one inquiry (Corle, 1963; Forrester et al., 1990; Heid, 

2018; Hildreth, 1980; Hogan, & Brezinski, 2003; 

Huang, 2014; Pike, & Forrester, 1997; Siegel et al., 

1982; Swan, & Jones, 1980). Only few studies fo-

cused on only one measurement area; if so, they con-

centrated on length measurement (Desli, & Gia-

koumi, 2017; Jones et al, 2009, 2012; Joram et al., 

2005).  

Apart from the question of the involvement of differ-

ent measurement areas, it is also surprising that many 

studies did not address the question which character-

istics of the estimation tasks are relevant to elicit the 

abilities or strategies aimed for. Although researchers 

assumed task characteristics being responsible for ex-

ample for strategy choices (e.g., Siegel et al., 1982), 

there is still a lack of a systematic analysis of varia-

bles in situations in which participants are asked to 

estimate measures (Joram et al., 1998; Sowder, 

1992).  

Not paying enough attention to the question of situa-

tional conditions in measurement estimation af-

fordances might be one reason for the unclear validity 

of the data in the field of measurement estimation re-

search.  

2  Aim of the Paper and Line of Argument 

The aim of this article is to develop and present a the-

oretical model for possible measurement estimation 

tasks.1 The underlying intention is to provide a foun-

dation for better comparisons between studies in the 

field of measurement estimation and thereby increase 

the transparency. Our considerations will be concen-

trated on lengths, though the model might probably 

be adapted to other attributes as well.  

According to Bright (1976) and in mathematics edu-

cation widely accepted (e.g., Hildreth, 1980; Joram, 

2003; Sowder, 1992), two task types in measurement 

estimation can be distinguished:  

• The size of an object is to be estimated: within 

this type of task the to-be-estimated-object (fur-

ther named as TBEO) and the unit can be physi-

cal pre- or absent; 

• A proper object for a given measure is to be 

named: within this type of task, possible objects 

and the unit can be given or not.  

Finally, eight different types of measurement estima-

tion tasks were constructed in this way. This typology 

of Bright (1976) served as a starting point for our de-

velopment of a framework for possible length estima-

tion situations presented in this paper.2  

Before presenting our suggestions for such a funda-

mental framework of length estimation tasks in 

section 4 and 5, we will take a closer look to the math-

ematics education literature dealing with measure-

ment estimation. The main interest of our analysis 

was to get information about task characteristics 

which should be involved in our model. By doing so, 

we came to the realization that some terms and state-

ments are used with different underlying meanings, 

so the results of those studies may also not be as alike 

as they seem to. Therefore, section 3 focuses on two 

goals: We present the information we got from these 

studies and discuss how the results suffer from not 

being comparable so easily because of differences in 

their underlying structure. In particular, they differ in 

their definitions of terms and the characteristics of the 

tasks they used.  

With the help of the resulting model, the concept of 

length estimation can be operationalized more explic-

itly, which hopefully will lead to more valid and com-

parable studies about measurement estimation.  

3  Length Estimation in Mathematics  
Education Literature 

Focusing on measurement estimation it seems plau-

sible to start with lengths. Lengths are the most fun-

damental measures, in daily life as well as in mathe-

matics learning. They also serve as the fundament for 

other geometrical measures, namely area and volume 

measurement, and therefore gained the most interest 

in studies. 

In analyzing the mathematics education literature 

with respect to length estimation, we start with re-

marks to the definition. In looking to two prominent 

examples we want to draw attention to the differences 

and effects of – sometimes even implicit – underlying 

definitions.  

In the following section, estimation strategies are pre-

sented with the same focus: Whereas ‘benchmarks’ 

and ‘unit iteration’ are seen as crucial elements of 

successful estimation processes by all authors, we 

will also show by examples the differences in using 

these terms for different behavior and therefore not 

being comparable easily. 

The final section presents information about task 

characteristics in detail: we sum up what is known 

about the impact of special characteristics of the tasks 

used in length estimation. Again, we distract im-

portant elements and discuss differences between 

studies with the ‘same’ task design. 

Whereas the information from the last paragraph di-

rectly influenced our suggestions for a theoretical 

model, the first two paragraphs had more implicit im-

pact to it. 
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3.1 The Question of Definition 

Mitchell et al. (1999) defined estimation “[a]s a pro-

cess whereby one approximates, through rough cal-

culations, the worth, size, or amount of an object or 

quantity that is present in a given situation. The ap-

proximation, or estimate, is a value that is deemed 

close enough to the exact value or measurement to 

answer the question being posed” (p. 9). Bright 

(1976) defined measurement estimation as a “process 

of arriving at a measurement or measure without the 

aid of measuring tools. It’s a mental process” (p. 89). 

Both definitions are widely accepted and referred to 

by the mathematics education community, even 

though they differ in crucial aspects. Although the 

former definition is broader in the sense of included 

kinds of estimations – numerosity, computational and 

measurement estimation – it is restricted in the use of 

strategies and situational contexts: rough calculation 

of objects or quantities that are present. However, the 

object, which length should be estimated, can also be 

absent, and besides rough calculation, several other 

strategies can be used (Desli, & Giakoumi, 2017; 

Heid, 2018; Hildreth, 1980, 1983; Joram et al., 1998; 

Siegel at al., 1982). The latter definition also is re-

stricted in two ways: First, it is focused on measure-

ment estimation as the only kind, and second, the ap-

proximating process is restricted to mental processes 

without any helping tool.  

Whereas some authors see this restriction to mental 

processes very strictly concerning all aspects of the 

estimation process, others use it in a broader way: 

Central to the estimation process is always the strictly 

mental use of measure units – so no rulers or other 

measurement tools are allowed – whereas other aids 

like body parts or other benchmarks might be used as 

supporting tools. If, for example, being asked to esti-

mate the width of the table, the former would not al-

low any ‘action’, whereas in the latter sense the chil-

dren may estimate the length of their pencil as a 

benchmark and then determine the width of the table 

by iterated use of the pencil’s length.  

In this article and our model, we restrict ourselves to 

length measurement, suggesting that it might be 

transferable to other measurement areas as well. Nev-

ertheless, this is not done yet and may also be an em-

pirical question. Our framework suggests for build-

ing on the broader definition: Following this idea, we 

define length estimation as a measurement process 

which necessarily includes at least one mental step of 

assessing (a) the size of the TBEO or (b) the size of a 

part of the TBEO without measuring with a standard-

ized measurement instrument. 

 

3.2 The Question of the Impact of Strategies 

Besides the question of defining length estimation it-

self, the elaboration of different solution strategies is 

the most discussed issue in mathematics education 

literature dealing with measurement estimation. In 

the literature (Desli, & Giakoumi, 2017; Hildreth, 

1980, 1983; Heid, 2018; Joram et al., 1998, 2005), a 

great variety of names for estimation strategies can 

be found. We will not discuss all of them here in de-

tail (for an overview, see e.g., Joram et al. (1998), 

Heid (2018); Weiher, & Ruwisch (2018)), but clarify 

our understanding and extract those elements which 

may have an impact on our model. 

All measurement estimation strategies are based on 

comparisons between the TBEO and an object whose 

measure is known and can be used as a referential ob-

ject, as a mental measurement unit.3 These referential 

objects are called benchmarks and can be seen as a 

mental ‘tool’ for measurement estimation (Joram et 

al., 2005).  

Any object can be used as a benchmark. In the litera-

ture (Desli, & Giakoumi, 2017; Hildreth, 1980, 1983; 

Joram et al., 1998, 2005) it is often differentiated 

whether the object is a standard unit or standard 

measurement instrument or if it is an everyday object 

familiar to the estimator. In most cases, only the latter 

is called ‘benchmark strategy’ whereas the former is 

named ‘unit iteration’.  

Using these terms in such a restricted manner seems 

problematic for the following reasons: First, standard 

units cannot be visualized without objects represent-

ing them (e.g., one centimeter being mentally repre-

sented by the distance between two longer lines – the 

cm-marks – on the ruler). Consequently, there is no 

logical difference between a mental representation of 

an everyday object or a standard unit. Second, both 

kinds of objects can be used for a mental measure-

ment process, which should be named by ‘unit itera-

tion’, although in the case of an everyday object the 

unit may be a nonstandard one. The process of using 

any unit and iterating it mentally is not restricted to 

standard units. Third, a mental comparison without 

any iteration can also be done with both kinds of ob-

jects, so the benchmark strategy is not restricted to 

everyday objects but can also be done with represen-

tations of a standard unit. 

In re-analyzing the literature (Desli, & Giakoumi, 

2017; Hildreth, 1980, 1983; Joram et al., 1998, 2005), 

another problem occurred. It seems that children who 

reported having used the strategy ‘unit iteration’ only 

used a vague mental image of what they think one 

cm, one inch etc. looks like without even iterating it 

mentally. In contrast, children who reported having 

used any daily object were able to describe their 
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mental measurement process – most iterated it – in 

more detail. Because of the confusing signification of 

the terms ‘benchmark strategy’ and ‘unit iteration’, 

we suggest using the terms ‘direct mental compari-

son’ and ‘indirect mental comparison’ instead (Heid, 

2018; Weiher, & Ruwisch, 2018): 

• Direct mental comparison: If the TBEO and the 

referential object have nearly similar sizes, a di-

rect comparison of the TBEO with the visually 

imagined size of the referential object may lead 

to an answer.  

• Indirect mental comparison: If the TBEO and the 

referential object differ in their sizes, the compar-

ison is more difficult.  

If the referential object is smaller than the TBEO, 

a mental unit iteration process can be worked out 

that uses the referential object as a unit to meas-

ure up the TBEO. If the referential object is big-

ger than the TBEO, it has to be mentally subdi-

vided – for example into halves or quarters – until 

it fits nearly the length of the TBEO. 

Apart from these main strategies of direct and indi-

rect mental comparison, some other strategies are 

mentioned in the literature: One group of strategies is 

based on the idea of restructuring the estimation task. 

As such a preceding strategy, decomposition/recom-

position (e.g., Siegel et al., 1982) means to decom-

pose the TBEO into smaller parts for which bench-

marks are available. One of those parts will be esti-

mated, and this estimation result has to be multiplied 

by the number of parts (recomposed). If the TBEO is 

not subdivided into regular parts, every resulting part 

has to be estimated and the resulting estimates have 

to be added. The strategy decomposition/recomposi-

tion on its own is not leading to an estimation result: 

to get the estimate for one (each) part a comparison 

with benchmarks has to be done before the recompo-

sition of the results (Siegel et al., 1982; Weiher, & 

Ruwisch, 2018).  

Concerning the impact of different strategies on the 

estimation itself, especially on the accuracy of the es-

timation result, the statement of Joram et al. (2005) 

still meets the situation: 

Although mathematics educators have assumed a ben-

eficial role for the use of strategies in estimating meas-

urements, very few studies have demonstrated that use 

of these strategies is related to greater estimation accu-

racy (p.7).  

In addition to the question of correlations between 

strategy use and estimation accuracy, Joram et al. 

(2005) showed that instruction in the use of strategies 

can be successful. They instructed two classes of 3rd 

graders for six lessons in using either the benchmark 

strategy – mentally imagine an everyday object or 

mentally iterating it – or a guess and check procedure 

solving length estimation tasks.  

Joram et al. (2005) reported that only four students 

(9 %) used the benchmark strategy spontaneously 

during the pretest, whereas 27 students (63 %) men-

tally iterated a standard – customary – unit and twelve 

students (28 %) did not show any strategy. In the 

posttest 63 % of the students in the strategy-group 

used the benchmark strategy, whereas all others ex-

cept one boy used the unit iteration strategy. 14 % of 

the students in the guess-and-check-group also 

showed the use of the benchmark strategy, while 

55 % used unit iteration and still 32 % did not show 

any strategy. Joram et al. (2005) also reported that the 

accuracy in the estimates of students using the bench-

mark strategy compared to those not using it was sig-

nificantly higher. Especially the smaller standard de-

viations showed that nearly all students estimated 

quite accurately, whereas in the other groups, stu-

dents showed a wide spread of deviations from the 

real value in the estimates. The authors conclude that 

nearly all children who use the benchmark strategy 

will improve their estimation accuracy.  

Since the authors neither discussed ‘unit iteration’ in 

detail nor reported differences between pre- and post-

test of those students using this strategy solely, there 

is no information if these children also improved their 

accuracy in length estimation. Nevertheless, it seems 

our remarks on ‘unit iteration’ in the former para-

graph also refer to this study. 

Most studies did not investigate correlations between 

the use of strategies in length estimation and other 

characteristics. Due to this incompleteness, the fol-

lowing results seem almost arbitrary, but represent all 

relevant statements from the literature that are known 

to us. Hildreth (1980, 1983) showed that through in-

struction, the use of appropriate strategies of 5th and 

7th graders increased and the use of inappropriate 

strategies decreased. In a study of Desli and Gia-

koumi (2017), 3rd and 5th graders showed a much 

broader variety of strategies when estimating length 

in standard units than in nonstandard units. In the lat-

ter case, mental unit iteration was almost exclusively 

used, and also the most observed strategy in dealing 

with standard units. Whereas none of the strategies 

correlated significantly with success when estimating 

in standard units, Desli and Giakoumi (2017) found 

positive correlations between success and the unit it-

eration strategy as well as the benchmark strategy and 

negative correlations between success and idiosyn-

cratic responses in estimation situations with non-

standard units. According to Heid (2018), direct men-

tal comparisons led to more accurate estimates than 

indirect mental comparisons (although the estimation 

accuracy was rather low overall). 
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Especially the differences between estimating in 

standard and nonstandard units, shown by Desli and 

Giakoumi (2017), had the impact on our model to 

consider this variation systematically.  

3.3 The Question of Task Characteristics 

If task characteristics are investigated in mathematics 

education studies, three different foci can be differ-

entiated: The characteristics of the TBEO can be var-

ied, the unit, in which the estimate of the TBEO 

should be given, can be varied, and other conditions, 

like possible benchmarks, allowed actions, or other 

‘contextual variables’ can be varied as well. 

Concerning the characteristics of the TBEO, Desli 

and Giokoumi (2017) recently conducted a study 

with primary students and their length estimation 

abilities (3rd and 5th graders). They focused on the in-

fluence of different task characteristics, which were 

already investigated by Jones et al. (2012) with older 

children. Concerning the TBEO they varied the fol-

lowing characteristics: small (up to 30 cm) or big size 

(65 to 100 cm), horizontal or vertical orientation, 

three-dimensional objects or two-dimensional pic-

tures, visual interference by patterned paper versus 

white background. Desli and Giakoumi (2017) re-

ported that the orientation of the TBEO was found to 

have an impact on the estimation ability: horizontal 

objects were estimated significantly better than verti-

cally oriented objects. The other task characteristics 

had no significantly different influence on the stu-

dents’ length estimation ability. The results of Jones 

et al. (2012) differed from those of the study in pri-

mary school: Whereas no differences in the estima-

tion accuracy could be observed between horizon-

tally and vertically presented items, the dimensional-

ity of the TBEO had an impact: it was easier to esti-

mate the length of one side of a real three-dimen-

sional cube in centimeter than it was on a 1:1-scaled 

picture of the cube.  

Although Desli and Giakoumi (2017) varied the same 

task characteristics as Jones et al. (2012) did, they 

used different tasks, adapted to the age of the children 

they worked with. Another difference can be as-

sumed in the cultural background of the students: 

Whereas Desli and Giakoumi (2017) investigated 

Greece 3rd and 5th graders, the initial inquiry of Jones 

et al. (2012) took place with U.S. middle school stu-

dents. Due to these differences and the contradictory 

results in both studies, no clear statements concerning 

the characteristics of the TBEO to the accuracy of es-

timates can be made. 

Concerning the influence of the unit, most British and 

American studies reported better results in estimating 

lengths in customary units than in metric units (e.g., 

Swan, & Jones, 1980; Jones et al., 2012). Since this 

is a special case concerning countries using non-met-

ric units in their everyday life, we will not report all 

of them here in detail, but take a closer look to stand-

ard versus nonstandard units. Although overall the 

studies differ in the type of units they have included 

only few compared standard and nonstandard units. 

Desli and Giakoumi (2017) also varied the units sys-

tematically: as standard units, centimeters were used, 

as nonstandard units they presented pencils, straws, 

and paperclips. As Desli and Giakoumi (2017) re-

ported, children’s estimates were significantly more 

accurate (within a deviation range of 30 % of the real 

value) when being asked to use nonstandard units. 

Jones et al. (2012) also found overall differences be-

tween metric, customary and ‘new’ nonstandard units 

in their study with middle school students: estimates 

in metric units were the poorest in accuracy, which is 

probably due to the fact that these were less common 

in everyday life. Nevertheless, no clear pattern oc-

curred in their post hoc analyses: some tasks were es-

timated better in one unit, and others were estimated 

better in one of the other units. 

Concerning the variation of other conditions in 

lengths estimation studies, some characteristics of the 

TBEO, the unit and of benchmarks can be extracted 

from the procedure reported in the papers, but were 

not varied systematically: The TBEO can be present 

or absent, three-dimensional or two-dimensional, in 

real size or scaled, can be touched or not etc. Most of 

these conditions follow from the underlying defini-

tion of estimation or the use of the terms ‘unit itera-

tion’ and ‘benchmark’. 

Forrester and colleagues investigated the role of 

‘context’ in estimation tasks (Forrester et al., 1990; 

Forrester, & Shire, 1994; Pike, & Forrester 1997). 

Pike and Forrester (1997) compared classical text-

book tasks – lines should be mentally measured by 

shorter lines as units – with contextually embedded 

narrative tasks: placing a number of ladybirds on a 

twig. Children performed better in textbook tasks, 

although the results missed the 0.5 significance level. 

Forrester et al. (1990) and Forrester and Shire (1994) 

also investigated the role of ‘context’ on primary 

children’s estimates. But in every study their defini-

tion of ‘context’ differed: In 1990, length estimation 

tasks in steps, jumps and ‘lying downs’ were seen as 

real-world context in contrast to tasks asking for the 

estimation of the area of a triangle and a rectangle, 

seen as school situation context. In 1994, the authors 

investigated how former estimates and task condi-

tions during the study – called ‘context’ – influenced 

later estimates, length estimation being a negligible 

part of it. All in all, we have no confirmed knowledge 

about the impact of ‘context’ on length estimation 

abilities. 
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Although more effort has been undertaken to under-

stand measurement estimation abilities, it still re-

mains unclear, which characteristics of the tasks are 

connected to which use of strategy, to which accu-

racy, and to which concept of length and measure-

ment estimation at all. As already stated by other re-

searchers (Joram et al., 1998; Sowder, 1992) a struc-

tured framework for the investigation of estimation 

abilities is still needed.  

4 The Diversity of Estimation Tasks 

As a first step to a theoretical model, possibly in-

volved objects that can be part of a length estimation 

task and their characteristics were identified and are 

described here in detail. In a second step, these ob-

jects and their characteristics were combined in a tree 

diagram. For each path of this diagram, it is checked 

and discussed whether it leads to a meaningful esti-

mation task or whether by fulfilling several features 

it becomes redundant and can be removed. 

A complete estimation task needs naming the object 

and the attribute that should be estimated. Besides 

this typical estimation task, already formulated by 

Bright (1976), a basically different form of estima-

tion task is formulated: the construction of an object 

of a given length (Fig. 1 on the left). In a paper-and-

pencil test, this construction can be to draw a line. In 

other study designs, the subjects may be asked to cut 

off a piece of tape or rope with a defined length or 

similar actions.  

Besides the requirement of a TBEO, an attribute and 

the question of construction or not, which are seen as 

basic characteristics of a measurement estimation 

task, other aspects can be supplemented, but are in 

most cases not absolutely necessary: marking a unit 

for estimation and indicating a possible benchmark 

for supporting the estimation process are supposed to 

be relevant. Just in one case, the unit has to be given: 

If the TBEO should be constructed, then the length of 

the TBEO, including the unit, has to be part of the 

estimation task.  

For the further analysis of the characteristics, the fol-

lowing questions were discussed for each object: Is it 

given? Is it visible? Is it present in real size? Is it 

touchable? All questions were posed to each of the 

objects possibly being part of an estimation task. 

4.1 The To-be-estimated-object (TBEO) 

In a specific estimation situation, these three objects 

– the TBEO, the unit, and a possible benchmark – can 

be given in different configurations. As Bright (1976) 

already differentiated, the TBEO can be physically 

present (as a real object or as a real sized picture) or 

absent. In the first case, the TBEO is visible allowing 

different estimation strategies, which – in the case of 

lengths – is relevant, because estimation strategies for 

length are based on (mental) visual comparison. In 

the latter case the TBEO is not visible and has to be 

imagined (Fig. 1). In addition to this basic distinction 

some more characteristics of the TBEO should be 

taken into account: When the TBEO is physically 

present, one can further distinguish between toucha-

ble objects and not touchable objects. A third possi-

bility is a TBEO that is represented by a scaled pic-

ture, so it is visible, but not in real size. In the last 

case, it does not make any difference, if the TBEO on 

that picture is touchable or not. Its real size is not 

touchable (Fig. 1).  

Fig. 1:  Characteristics of the to-be-estimated-object (TBEO). 
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In constructing tasks, a special feature in the interpre-

tation of item characteristics occurs, because they are 

changing during the construction process. At the be-

ginning of the drawing process, the line is not physi-

cally present (and therefore not visible and not touch-

able), while after the drawing process it is physically 

present and therefore visible and touchable as well. 

This allows reflections about the estimation result in 

other ways than tasks in which the TBEO remains 

physically absent the whole time. 

4.2 The Unit 

The same characteristics are proposed for the unit 

(Fig. 2). By ‘unit is visible’ is meant that a representa-

tive of this unit, for example a line of one centimeter, 

is physically present. By ‘unit is not visible’ is meant 

that the unit is named, but there is no representation 

of it. So, the unit is absent as well. Like the TBEO, a 

unit that is physically present can be touchable or not. 

In addition, it is possible that the unit is not even 

named. Then, the estimator has to choose a proper 

unit. 

Besides the pre- or absence of the unit, one other 

characteristic of units is important. As measurement 

can be done with standard units (e.g., metric units as 

mm, cm, m, km, or customary units as in, ft, yd, mi) 

and nonstandard units, for example with body 

measures or stripes, also affordances of estimation 

tasks can be differentiated in this way: 

1) “How long is this line [picture]? This line is ____ 

cm long.”  

2) “How many of these stripes [picture] are as long 

as the longer side of the poster on the black-

board? ___ stripes are as long as the longer side 

of the poster on the blackboard.” 

In example (1), the unit is physically absent and 

therefore neither visible nor touchable. The unit – cm 

– is a standard one. In example (2), the unit is physi-

cally present, visible and touchable, because there is 

a representation of a special length printed in the test-

ing booklet. The size of the TBEO should be esti-

mated in stripes, which is a nonstandard unit. 

Both standard and nonstandard units can also be used 

in drawing tasks: 

3) “Draw a line which is 5 cm long.” 

4) “Draw a line which is as long as two of the stripes 

on the left [picture].” 

Since in the first drawing task (3) standard units are 

used, the differentiation between the unit and the 

TBEO is clear, while there is no benchmark named: 

The TBEO is represented by the line and should be 

constructed. The standard unit ‘cm’ is not physically 

present.  

In the second drawing task (4), the nonstandard unit 

‘stripe’ is physically present and can be multiplied 

mentally to determine the length of the stripe to be 

drawn. Again, the TBEO is represented by the line. 

But if the given nonstandard unit hasn’t to be multi-

plied, the difference between TBEO and unit is diffi-

cult in drawing tasks, because every measurement 

process is a comparison and therefore a bidirectional 

relation (see Fig 3) 

 

Fig. 3:  Measurement as a bidirectional relationship: (3a) 
Is the pencil as long as 2 stripes or is the stripe as 
long as 0.5 pencils? (3b) Is the pencil as long as 
the stripe or is the stripe as long as the pencil? 

Fig. 2:  Characteristics of the unit. 
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This is illustrated by the following task: 

5) “Draw a line which is as long as a paperclip.” 

There are two ways of looking at the TBEO and the 

unit: On the one hand, analogous to the examples 

above, the line could be seen as the TBEO and the 

paperclip as the unit. On the other hand, the paperclip 

could be seen as the TBEO and the line as the way to 

express the estimation result. Then, the line is seen as 

a standard-representation of a length, which is used 

instead of a measure. This could be seen as the con-

struction of a unit (which is as long as the TBEO, so 

the measured value for the paperclip is ‘1 line’).  

Looking at linguistic similarities between the ques-

tions may help to solve this problem. The underlying 

structure is “do something which is like this meas-

ure”. In tasks (3) and (4), the measures are 5 cm and 

2 stripes. In accordance to this, the paperclip in task 

(5) cannot be seen as the TBEO but has to be the 

measure (1 paperclip). Therefore, paperclip is de-

fined here as the unit, which may also be used with 

other parameters.  

The third case, how a unit can be named, is as a scaled 

picture. The unit is then visible, but not in real size, 

and therefore the real size is not touchable. Real ob-

jects, which should be used as units, can then be rep-

resented by a photo so the need for resizing it is ob-

vious. Standard units that are represented by lines 

cannot be represented as a picture, because the 

change of the size on a picture would automatically 

lead to a different unit. Just if the unit is represented 

by a real object, the resize is meaningful.  

4.3 The Benchmark 

As already mentioned by Bright (1976), a third object 

can be part of an estimation task in addition to the 

TBEO and the unit. This object is intended to be used 

as a benchmark (for a direct or indirect mental com-

parison). As described above, knowing a benchmark 

means knowing the measure of an object and having 

a mental image of its real size. While using an object 

as a benchmark both aspects are required. So, it can 

also be helpful to get the information about one as-

pect in the estimation task itself. The following ex-

amples give different suggestions: 

6) “Imagine the longer side of a credit card. It is 

8 cm long. How long is this sheet of paper? This 

sheet of paper is ___ cm long.”  

7) “On the left, you see a picture of a credit card in 

real size. How long is this sheet of paper? This 

sheet of paper is ___ cm long.” 

8) “On the left, you see a picture of a credit card in 

real size. It is 8 cm long. How long is this sheet 

of paper? This sheet of paper is ___ cm long.” 

In solving task (6), the credit card is intended to be 

used as a benchmark. The real size is not visible, but 

if the estimator can imagine its real size and combine 

this imagination with the measure named, they 

should be able to use it in the intended way. Question 

(7) includes a picture of a real-sized object, but the 

measure is not named and has to be imagined by the 

estimator. Task (8) includes both, a real-size-picture 

and the measure, so the object can be used as a bench-

mark even if the estimator had not mentally repre-

sented it as a benchmark yet. 

In general, the object that can act as a benchmark can 

be characterized by the same features as the TBEO. 

In question (6), the benchmark is not physically pre-

sent and therefore not visible or touchable. Questions 

(7) and (8) include a benchmark that is ‘physically 

present’, which means it is printed in real size in the 

test-booklet. Therefore, it is visible and touchable. 

Fig. 4:  Characteristics of benchmarks. 
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If the benchmark is not physically present and there-

fore not visible, or just represented by a scaled picture 

and therefore not visible in real size, the specification 

of its size is mandatory. Otherwise, no additional in-

formation that might be helpful in the estimation pro-

cess would be given. If the benchmark is visible in 

real size, then a specification of its size may be help-

ful, but is not necessary due to the additional visual 

information provided. 

Including the case that no benchmark is named, seven 

types for benchmarks can be distinguished (Fig. 4).  

If the task mentions a benchmark, further assump-

tions are needed to distinguish it from a unit. For ex-

ample, a stripe can serve as a benchmark: 

9) “This stripe [picture] is 2 cm long. How long is 

the paintbrush at the blackboard? The paintbrush 

at the blackboard is ___ cm long. ” 

Seeing an object or a stripe as the unit, the parameter 

of this unit is 1 and no further steps of calculation are 

needed to get the answer of the iteration process. If 

the parameter is different from 1, it has to be multi-

plied with the number of iterations. Following this ar-

gumentation, the stripe in question (9) is seen as a 

benchmark. If the stripe had the length of 1 cm, it 

would have been seen as the unit.  

5 Combination of all Characteristics – 
Building a Complex Model 

Following the deliberations above, it becomes obvi-

ous that the eight types of estimation situation pro-

posed by Bright (1976) are too broad categories to 

represent the variety of estimation tasks. If only three 

possibilities for included objects will be distin-

guished, the unit at least being standard or nonstand-

ard and the implication of pictures and construction-

tasks will be taken into account the model should be 

extended and revised. Furthermore, a structure of all 

important characteristics is needed to make a reason-

able choice of tasks for a paper-and-pencil-test in 

length estimation or designing an intervention study 

etc.  

5.1  Combining TBEO, Unit, and Benchmark 
in a Hierarchical Way 

The easiest way to get a complete model that repre-

sents all different types of estimations is to combine 

all characteristics (Fig. 5).  

The model is presented as a tree diagram. This kind 

of representation allows for analyzing the character-

istics step by step. Following the paths helps to clas-

sify the tasks given or chosen.  

 

 

Fig. 5:  Structure of the general model with the levels 
TBEO, unit, and benchmark and their characteris-
tics. 

The tree diagram as a whole consists of three levels: 

the TBEO with its characteristics, the unit with its 

characteristics, and the different types of benchmarks 

(Fig. 5). The TBEO is placed on top, at the first level, 

because without a TBEO there is no estimation task. 

The unit is put at the second level before the bench-

mark. Every estimate consists of a parameter of any 

kind of unit, and it is more likely that a unit is given 

in an estimation task than any kind of benchmark.  

For any case of the tree, details about the visibility, 

the physical presence, the real size and, if needed, 

some specific characteristics can be explained and 

clarified. Theoretically, 378 estimation tasks are pos-

sible in this way. Nevertheless, some characteristics 

do not fit with others in some cases, so not all char-

acteristics were included in all paths. For this reason, 

the number of possible estimation tasks is also re-

duced, as explained below. 

5.2  Reduction of Possibilities by the Combi-
nation of Levels 

In the complete model, most paths are similar to the 

explanations in chapter 4. However, the complete 

model is not just a combination of these possibilities, 

because some characteristics do not make sense in 

combination with others.  

For each resulting path, an evaluation of its meaning-

fulness has to be done. To some extent, the exclusion 

or inclusion of any path depends on the aim for which 

the resulting tasks should be used. In order to develop 

a paper-and-pencil-test, it makes sense not to include 

for example both, a benchmark and the unit, to not 

over-determine the task. In school, for example to im-

prove benchmark knowledge, maybe this is exactly 

the way to do it. The following descriptions of ex- or 

including different paths are based on the demand of 

the test development.  

First of all, the combination of a to-be-constructed 

TBEO with the characteristics of the unit should be 

taken into account. If the TBEO should be drawn or 

otherwise constructed, the specification of a size is 
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mandatory. A size specification always contains a 

unit. Therefore, the path ‘unit is not named’ is not 

possible for all construction tasks. The number of 

possible estimation tasks is therefore reduced by 14. 

Different paths also occur as a consequence of previ-

ous characteristics and the demand for not to give too 

many details in the tasks. Therefore, at the level of 

benchmarks, the characteristics have to be adapted to 

the previous characteristics of the unit.  

If the unit is not named, the length of a given bench-

mark must not be named to ensure that there is no 

indirect hint on the unit itself. If the length of the 

benchmark is given, it also includes a unit, so this 

would be contradictory to the condition ‘unit is not 

named’ at the previous level of the unit. The resulting 

paths of this case are presented in Figure 6.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6:  Touchable units reduce the need for a benchmark. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7:  Remaining possible benchmark situations if the unit is not named. 
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The number of estimation tasks is reduced by 16 (4 

for each task in which the TBEO do not need to be 

constructed).  

If the unit is given and touchable, there is no need for 

a benchmark at all (Fig. 7). Instead of using a bench-

mark and doing additional computations to get the re-

sult within the given unit one can use the unit itself 

for a direct estimation. So, there is no need for a 

benchmark, even independent of the question, if a 

standard or nonstandard unit is used. The number of 

estimation tasks is reduced by 72 (6 (benchmark) 

times 2 (unit) times 6 (TBEO)).  

If the unit is given and visible in real size, but not 

touchable, there could be a given benchmark. How-

ever, in this case it is not enough to just name or show 

the benchmark. This would not be a simplification to 

just using the visible unit without further computa-

tions. To reach a simplification through more infor-

mation, the given benchmark should be touchable 

(Fig. 8). The number of tasks is reduced by 48 (4 

(benchmark) times 2 (unit) times 6 (TBEO)). 

If the unit is given, but not visible in real size, any 

information about possible benchmarks could be 

helpful. Therefore, all seven characteristics for 

benchmarks provided in chapter 4 are possible (see 

fig. 4).  

5.4  The Resulting Model 

With regard to the previous deliberations, a complex 

model with some quite different paths could be 

created. In total, 228 remaining possible and mean-

ingful estimation situations could be theoretically dif-

ferentiated.  

Although these many possible length estimation tasks 

could be theoretically meaningful, there has to be a 

choice of a subset of tasks for any purpose. However, 

the model itself helps to clarify which subset was 

chosen or is to be chosen. 

6  Conclusion 

Both the different estimation tests in cognitive psy-

chology and mathematics education research and the 

theoretical development of this framework indicate 

that many different measurement estimation situa-

tions are used. As stated above, a theoretically based 

framework of possible estimation situations is needed 

for research in measurement estimation.  

We considered three objects that will probably be 

part of any estimation task: a TBEO, a unit, and a 

benchmark. (While discussing each object with its 

characteristics, some possibilities could be removed 

as not being meaningful or even as logically not pos-

sible (section 4). When combining the three objects 

to a tree-diagram, further paths became overdeter-

mined or even again not meaningful (section 5). Alt-

hough many possibilities could be removed from the 

tree-diagram, the revised model still consists of 228 

possible tasks.  

The model is suggested to help researchers in at least 

two different ways: On the one hand, it may help 

Fig. 8:  Visible but not touchable units reduce the possibilities for benchmarks. 
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during the planning of investigations, because it can 

be clarified with respect to the characteristic of the 

TBEO, the unit, and the benchmark which subset of 

tasks will be chosen for a special purpose. If the 

model is used with a special purpose, there may be 

more possibilities that can be removed or neglected, 

because of different reasons. Some possibilities may 

not be practical, for example in a whole-group paper-

pencil-test, some may not be suitable for the subjects 

you are interested in, etc. On the other hand, the 

model may serve as an analytical tool for the compar-

ison – or even for the clarification of the incompara-

bility – of different studies.  

Finally, a special case for touchable TBEO and 

touchable units or benchmarks should be discussed. 

If both, the TBEO and the unit (or benchmark), are 

touchable in their real size, concrete measurement 

processes are possible. If at least one object is mova-

ble, a direct measurement process can be carried out, 

if the objects are not movable, but touchable, an indi-

rect concrete measurement process is possible 

through the help of another object (e.g., the fingers). 

Depending on the definition of estimation itself, 48 

more task types will be removed – if you define esti-

mation as strictly mental. Therefore, it also seems to 

be essential to always clarify the underlying defini-

tion carefully. 

Even though the model already seems very complex 

and contains many characteristics, it is limited in 

some other ways. It still ignores possible variables 

that also may influence the estimation abilities. The 

most important characteristics concerning lengths 

that are not included yet can be seen in the size, the 

orientation and the dimensionality of the TBEO and 

the unit (and a possible benchmark). Although the re-

sults in other investigations did not show a clear ten-

dency – Desli and Giakoumi (2017) did not get any 

differences between small (up to 30 cm) and big (65-

100 cm) TBEOs –, it can be assumed that especially 

the ratio of the length of the TBEO and the unit that 

is asked for the estimate, matters. Scale may also 

make a difference: Very tiny lengths – up to some 

millimeters – may visually not be distinguishable an-

ymore. Very big lengths, especially distances, will 

not be compared to stored images but estimated by 

other measures like knowledge about the time it takes 

to walk it.  

Finally, yet importantly, the model so far is restricted 

to only one measurement area – length. The transfer-

ability of the framework to other measurement areas, 

especially to the visually perceivable geometric 

measures area and volume, can be assumed. How-

ever, this must be checked in detail. It also seems 

plausible that many the possibilities do not make 

sense for other measurement areas like time, speed or 

even mass/weight, because the attitude that has to be 

estimated is not visually perceivable. Especially the 

influence of visibility has to be discussed carefully in 

the latter cases as well as it has to be checked, if other 

characteristics become more important, for example 

the ratio of the mass and the volume in estimating the 

weight of an object.  

The development of this framework and its limita-

tions suggest that (length) measurement estimation is 

not a one-dimensional construct, unlike most studies 

seem – even unconsciously – to build on. Up to now, 

little effort has been undertaken to clarify the under-

lying construct systematically. The more insight we 

get into the construct of estimation abilities, the more 

we may stimulate necessary cognitive processes to 

foster and strengthen the (length measurement) esti-

mation abilities of students.  

Notes 
1 The paper deals with the systematization of objective task 

features as a contribution to the formulation of the com-
plexity of possible estimation tasks. The extent to which 
this already captures and represents complexity is just as 
much an empirical question as the question of structuring 
possible estimation tasks with respect to subjective task 
features. 

2  In this text and the model developed here as well as in 
the literature mentioned, objects as TBEO mean repre-
sentational objects. Besides, also for example the length 
of the distance between two objects could be estimated, 
but this is not applied in the model development here. 

3  As a reaction to estimation tasks, but not really an esti-
mation strategy, prior knowledge, visual impressions and 
indiosynctratic responses are reported in the literature as 
well (Desli & Giakoumi, 2017; Hildreth 1983; Heid, 2018). 
Other researchers will call these non-strategic reactions 
as inappropriate or no use of strategy or others (Hildreth, 
1980; Joram et al., 2005). 
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